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Abstract: Five-dimensional Sp(N) supersymmetric Yang-Mills admits a Z2 version of a
theta angle θ. In this note, we derive a double quantization of the Seiberg-Witten geometry
of N = 1 Sp(1) gauge theory at θ = pi, on the manifold S1 ×R4. Crucially, R4 is placed on
the Ω-background, which provides the two parameters to quantize the geometry. Physically,
we are counting instantons in the presence of a 1/2-BPS fundamental Wilson loop, both
of which are wrapping S1. Mathematically, this amounts to proving the regularity of a
qq-character for the spin-1/2 representation of the quantum affine algebra Uq(Â1), with a
certain twist due to the θ-angle. We motivate these results from two distinct string theory
pictures. First, in a (p, q)-web setup in type IIB, where the loop is characterized by a D3
brane. Second, in a type I’ string setup, where the loop is characterized by a D4 brane
subject to an orientifold projection. We comment on the generalizations to the higher rank
case Sp(N) when N > 1, and the SU(N) theory at Chern-Simons level κ when N > 2.
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1 Introduction
1.1 SU(2)pi Gauge Theory and E˜1 Fixed Point
The dimension “five” holds a special place in the landscape of supersymmetric gauge
theories, since the theories are non-renormalizable. Still, there is by now a large amount of
evidence that strongly-interacting supersymmetric theories exist as UV fixed points in 5d.
The gauge theory is then understood as a relevant deformation in the IR, where the gauge
coupling is set by such a deformation parameter.
Perhaps the most famous example is the 5d Sp(1) = SU(2) gauge theory, with 0 ≤ Nf ≤ 7
fundamental hypermultiplets. The action has a SO(2Nf ) × U(1) global symmetry, with
SO(2Nf ) the flavor symmetry, and U(1) a topological symmetry associated to the conserved
current J = ∗Tr(F ∧ F ). It was argued by Seiberg [1] that such a theory has a UV fixed
point where the symmetry group SO(2Nf ) × U(1) gets enhanced to ENf+1. With the
recent success of localization methods, this symmetry enhancement was checked explicitly
through a computation of the Sp(1) superconformal index [2], and an index for 1/2-BPS
ray operators [3].
Figure 1: On the left, the SU(2) gauge theory at θ = 0, which flows to the fixed point E1
when we collapse the web. On the right, the SU(2) gauge theory at θ = pi, which flows to
the fixed point E˜1 when we collapse the web.
In the absence of fundamental flavors, Nf = 0, it was argued [4] that there should exist a
second fixed point theory, the so-called E˜1 theory, where the U(1) topological symmetry
does not get enhanced. To justify its existence, one can proceed as follows: consider the
E2 = SU(2)× U(1) fixed point theory. There exist two relevant deformation parameters:
a flavor mass m, associated to the U(1), and a bare inverse gauge coupling 1/g20, with
the combination m0 ≡ 1/g20 − 2m associated to the SU(2). The locus {m,m0 = 0} is the
fixed point theory E2. When m = 0 and m0 > 0, we flow to a free theory, with global
symmetry SO(2)× U(1). When m > 0 and m0 = 0, we flow to the E1 theory, with global
symmetry E1 = SU(2). Interestingly, when m < 0 and m0 > 0, there is a singularity at
m0 + 4m = 0, which suggests the existence of another fixed point: this is the E˜1 theory,
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with global symmetry U(1). It follows that the theory has only one relevant deformation
parameter, the combination m0 + 4m.
In the rest of this note, we denote the associated gauge theory as SU(2)pi. The subscript
notation was chosen to reflect the fact that in five dimensions, there exists a Z2 analog
of the θ parameter familiar from four-dimensional physics [5]. Indeed, in 4d, one has
pi3(SU(2)) = Z, so there exist nontrivial classical gauge field configurations in Euclidean
R4 with instanton number k ∈ Z. Then, given a configuration with instanton number k,
the path integral picks up a phase eiθk, and the shift θ → θ + 2pi is a symmetry of the
theory, even at the quantum level. It so happens that pi4(SU(2)) = Z2 (this nontrivial
fourth homotopy group is also the reason for Witten’s global anomaly in four dimensions
[6]), so we can think of θ as a Z2-valued instanton in 5d.
1.2 Non-Perturbative Schwinger-Dyson Equations
Our main goal in this paper will be to derive a quantization of the SU(2)pi Seiberg-Witten
geometry. Equivalently, this result can be understood as a non-perturbative version of
Schwinger-Dyson type identities for the theory [7], as we shall now review.
Consider the vacuum expectation value (vev) of some operator Y in quantum field theory.
Given the correlator 〈Y 〉 defined by a path integral, the Schwinger-Dyson equations can be
understood as constraints that must be satisfied by such a correlator. This comes about
from demanding that the path integral remain invariant under a slight shift of the contour
(provided that the measure is left invariant by such a shift). We are interested here in a
particular contour modification that takes us from a given topological sector of SU(2)pi to
another distinct topological sector, related to the first by a large gauge transformation. In
this case, the contour is discrete, and the transformation changes the instanton number of
the theory. Then, our task is to construct an appropriate operator Y to mediate such a
change in instanton number, and the Schwinger-Dyson equations will impose constraints on
the regularity of its vev. Put differently, we want to construct a codimension-4 defect oper-
ator in SU(2)pi. Since the gauge theory is defined on the manifold S
1 × R4, the instantons
are wrapping S1, so a natural candidate for our problem is a supersymmetric Wilson loop
operator wrapping that same circle.
A Wilson loop is formulated as the trace of a holonomy matrix, where a quark is parallel-
transported along a closed curve in the manifold, and the trace is evaluated in some
irreducible representation of the gauge group. Here, we will consider a 1/2-BPS loop
wrapping S1, located at the origin of R4, and the trace will be evaluated in the fundamental
representation (or spin 1/2) of SU(2)pi. Denoting the quark mass as M , we will construct
a loop operator vev as a function of M , which we call 〈Y (M)〉. This vev will turn out to
have generic poles in M , but a particular combination of Y -operator vevs will be regular in
M ; this is the content of the Schwinger-Dyson identity.
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The identity will come about from counting instantons in the presence of the loop quark.
Since instantons in five dimensions are particles, counting them amounts to computing the
partition function of their quantum mechanics, which is an equivariant Witten index. One
needs to treat carefully the contribution of coincident zero-size instantons, as the moduli
space is singular there. In our case, the instantons are also coincident with the Wilson loop,
so regularizing their contribution must be done with extra care. In general, the so-called
ADHM [8] construction is a powerful way to resolve such singularities. In the case at hand,
the instantons have a UV description as a N = (0, 4) ADHM gauged quantum mechanics
[9]1.
Crucially, the computation of the partition function relies on the fact that our five-
dimensional manifold admits a two-parameter deformation known as the Ω-background,
which can be thought of as a weak N = 2 supergravity background [10, 11]. Then, the
Schwinger-Dyson identity will depend on the two parameters of the background. In the flat
space limit, the identity becomes the Seiberg-Witten curve of the SU(2)pi gauge theory. It
is in that sense that the Schwinger-Dyson identity in the Ω-background should be thought
of as a double quantization of Seiberg-Witten geometry.
There exists an important connection to representation theory, first pointed out in the
absence of θ-angle in [7]. Namely, the instanton partition function in the presence of a
supersymmetric codimension-4 defect has been dubbed a qq-character of a finite dimensional
irreducible representation of the quantum affine algebra Uq(Â1)
2. In particular, the SU(2)pi
partition function can be presented as such a character, with a certain twist due to the
nontrivial θ-angle. Such a twist will be present in general for SU(N) gauge theories at
Chern-Simons level κ when N > 2, and we will derive the corresponding qq-character for
that case as well.
Finally, as a byproduct of the Schwinger-Dyson identity, we will be able to compute the
exact vev of a SU(2)pi Wilson loop in spin 1/2 representation, including the instanton
corrections.
1Throughout this paper, when we talk about N = (0, 2) or N = (0, 4) supersymmetry in the context of
the quantum mechanics, what we really mean is the reduction of two-dimensional N = (0, 2) or N = (0, 4)
supersymmetry to one dimension.
2The literature on the representation theory of quantum affine algebras is rich, and remains an active
subject of research. For a description of finite dimensional representations, there are two popular presentations,
one due to Jimbo [12], and another due to Drinfeld [13]. In our setting, it is the latter presentation that is
relevant. In particular, see the works [14, 15]. Characters of finite-dimensional representations of quantum
affine algebras were constructed under the name q-characters [16], in the context of studying (deformations of)
W -algebras in two-dimensional conformal field theory. A deformed character depending on two parameters
was proposed in [17–19] (for related work on t-analogues of q-characters, see [20]). This qq-character is
precisely the one rediscovered in supersymmetric gauge theories by Nekrasov [7], where “qq” stands for
the two parameters of the five-dimensional Ω-background. The fact that an object initially defined in the
context of two-dimensional conformal field theory makes an appearance as an observable in five-dimensional
supersymmetric gauge theory is an example of what is sometimes referred to as the BPS/CFT correspondence.
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1.3 Organization of the Paper
We will derive the quantum mechanics index and the associated quantized Seiberg-Witten
geometry in two different ways.
In section 2, we treat the SU(2)pi theory as a U(2) theory with a Chern-Simons term (only
SU(N) with N > 2 can admit a Chern-Simons term), in the presence of a 1/2-BPS Wilson
loop. We then freeze an overall U(1) inside U(2). This can be motivated from string theory.
Indeed, it is known that the SU(2)pi theory can be realized using a web of (p, q)-5 branes in
type IIB [21]. In this picture, the loop defect is realized as a D3 brane inside the web [22].
In section 3, we compute instead the index using Sp(N)pi instanton calculus, specialized
to N = 1. We find agreement with the index computed in section 2. We can again
motivate the result from string theory; this time around, it is more natural to work in the
type I’ string, where the gauge theory is the effective theory on a D4 brane on top of an
O8-orientifold plane. In that picture, the loop defect is realized as a codimension-4 D4 brane.
The formalism used in this paper allows several generalizations, which will be the subject
of section 4. Namely, for the same amount of work, we will be able to derive the quantized
geometry of 5d SU(N) gauge theory, N > 2, with Chern-Simons level κ. We will also
comment on the quantized Sp(N)pi geometry when N > 1, and the addition of fundamental
matter.
Before proceeding with our analysis, we deem it useful to first remind the reader of what
has been done in the literature, and provide a (non-exhaustive) list of references:
When θ = 0, the study of 1/2-BPS line defects in 5d N = 1 SU(2) gauge theory has
been an active topic of research in the last few years. The investigation of the instanton
moduli space was initiated in [9], with an underlying type IIA string theory picture, and the
partition function was computed as a Witten index in [23]. That same partition function
was interpreted as a set of non-perturbative Schwinger-Dyson equations in [7]. A q-CFT
perspective related to a deformation of the Virasoro algebra was given in [24], see also
[25] for a matrix model point of view. The line defects were interpreted as D2 branes in
(1, 1) A1 little string theory in [26]. A T-dual perspective in type IIB was given in [27],
which provided a UV description for a candidate holographic dual of AdS3 × S3 × S3 × S1.
The precise analysis of the instanton moduli space in that background requires turning on
B-fields, which was addressed in [28].
Treating the SU(2) gauge group as Sp(1), an index for ray operators was defined based on a
type I’ string theory construction in [3], building on the computation of the superconformal
index in the absence of defect carried out in [2].
Yet another T-dual picture was given in terms of a type IIB (p, q) web in [22], with the aim
– 5 –
of studying how S-duality acts on Wilson loops. Realizing the SU(2)pi geometry in that
setup will prove to be particularly convenient for us, so we will follow that presentation in
the next section. For an algebraic perspective, see [29].
When θ = pi, the physics of supersymmetric line defects in 5d SU(2)pi has received little
attention in comparison3. The partition function and superconformal index of the pure 5d
N = 1 SU(2)pi gauge theory, in the absence of defects, were computed in [2, 32], and from
the topological string in [33].
A (p, q) web analysis of the SU(2)pi Seiberg-Witten geometry in type IIB string theory was
carried out in [34]. A realization in terms of orientifold O5 planes was proposed in [35, 36],
and in terms of orientifold O7 planes in [37].
2 The SU(2)pi quantized geometry, the type IIB way
Our starting point is type IIB string theory in flat space. We compactify the X0-direction
on a circle S1(R) of radius R and introduce the following branes:
0 1 2 3 4 5 6 7 8 9
D5 × × × × × ×
NS5 × × × × × ×
(p, q)-5 × × × × × φ φ
D1 × ×
F1 × ×
D3 × × × ×
Table 1: The (p, q) web of branes. The direction X0 is compact. The angle φ is defined by
tan(φ) = q/p, and the various (p, q) branes span the line cos(φ)X5 + sin(φ)X6 = 0 in the
X5,6 plane.
The particular brane setup we consider has two parallel D5 branes, which are horizontal
segments along X5; they support a 5d N = 1 SU(2) gauge theory on them [21]. The theory
is defined on the manifold S1(R) × R4, with the circle along X0 and R4 along X1,2,3,4.
We call the distance between the two D5 branes 2a, where the real scalar a is the vev of
the vector multiplet scalar. The F1 strings which stretch between the D5 branes realize
W-bosons of mass 2a. We denote the bare Yang-Mills coupling as t0 ≡ 1g20 . The effective
coupling of the theory is given by the length of the top D5 brane, which is determined by
the geometry of the web to be teff ≡ t0 + a. BPS instanton particles are realized as D1
3For a recent notable exception, see [30] and the related investigation of Wilson loops in SU(N) gauge
theory at Chern-Simons level N − Nf
2
, with Nf fundamental flavors. There, a superconformal index is
computed by localizing a Wilson loop on BPS configurations in the absence of the loop. This is not the
approach we follow in this paper; instead, relying on a D-brane quantum mechanics, we argue that we should
modify the definition of the index altogether when a Wilson loop is present. See the related discussion in
[3, 7, 22, 23, 31].
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strings located on the top D5 brane. The effective theory on k such instanton strings is a
one-dimensional quantum mechanics with gauge group Ĝ = U(k).
The web 2 showcases a particular vacuum of the gauge theory on the Coulomb branch,
along with BPS massive particles (W-boson and instantons). The E˜1 fixed point is reached
when teff , a→ 0, which is when the face of the web “collapses” to zero area.
Figure 2: On the left, the SU(2)pi theory living on the two horizontal (black) D5 branes.
The D3 brane loop defect is the green dot, with gauge group U(1)loop. The k D1 instanton
strings are the red horizontal segments, and the blue F1 string represents a W -boson of
mass 2a. On the right, the (0, 4) quantum mechanics living on the D1 strings. It is a U(k)
gauge theory with a vector multiplet and adjoint hypermultiplet, represented by the red
circle. There are two hypermultiplets in the bifundamental of U(k)× SU(2), represented
by a single solid line. There is one twisted hypermultiplet and one Fermi multiplet (two
complex fermions) in the bifundamental of U(k) × U(1)loop, represented by the mixed
solid/dashed line. Finally, there are two Fermi multiplets (a single complex fermion each)
in the bifundamental of SU(2)× U(1)loop, represented by the one dashed line.
Our main interest lies in introducing 1/2-BPS loop defects, which in the brane setup can
be realized as semi-infinite F1/D1 strings [38, 39], but also as D3 branes to allow for loops
in more general representations of the gauge group [40–42].
For our purposes, it will be enough to consider a single D3 brane4 wrapping the X0,7,8,9
directions and sitting at X1,2,3,4 = 0, see table 1. The web is drawn in the X5,6 plane, so
the D3 brane is a point on it. The total configuration of branes preserves four supercharges,
and supersymmetry is broken to a (reduction from 2d to) 1d N = (0, 4) subalgebra. The
supermultiplets present in the D1 brane quantum mechanics are summarized in figure 2.
There are also J and E potential terms required by (0, 4) supersymmetry, but their precise
form is not needed in what follows; a good review can be found in [27, 43].
4The number of D3 branes determines which representation of SU(2) the Wilson loop transforms in [41].
N -fold tensor product representations can be constructed by considering N D3 branes in the web. Since
only the fundamental representation (spin 1/2) is relevant to make contact with Seiberg-Witten geometry,
we only need to consider N = 1 in this paper.
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A 4d N = 4 U(1)loop theory lives on the D3 brane, and couples to the 5d theory along the
loop in the X0 direction. We treat the 4d theory as non-dynamical, so that the D3 brane
can be interpreted as a one-dimensional 1/2-BPS loop defect in the 5d theory. The modes
of the 1d fields localized on the loop are two complex fermions χi=1,2, transforming in the
bifundamental of SU(2)× U(1)loop. They couple to the bulk through the following term in
the action:
S5d/1d =
∫
dt χ†i
(
δij ∂t − i A[5d]t,ij + Φ[5d]ij − δijM
)
χj . (2.1)
Above, A
[5d]
t and Φ
[5d] are the pullback of the 5d gauge field and the adjoint scalar of the
vector multiplet, respectively. i and j are indices for the fundamental representation of
SU(2). The parameter M is the eigenvalue of the background (nondynamical) U(1)loop
gauge field. It sets the energy scale for the excitation of the fermions. The variable t is
periodic, with period R/(2pi).
In the string picture, we denote by a1 and a2 the position of each D5 brane along X6, and
by M the position of the D3 brane along X6. It follows that the masses of the two fermions
are a1 −M and a2 −M . , with a2 = −a1.
The instanton moduli space of the theory is a priori singular, but it can be regularized
with the introduction of the Ω-background [10, 11]. Namely, we turn on (real) chemical
potentials 1 and 2 for the rotation of the R212 and R234 planes, respectively. Let us introduce
z1 to denote the complex coordinate on R212, and z2 to denote the complex coordinate on
R234. Then, we can view the 5d spacetime as a R2 × R2 bundle over S1(R), where as we go
around the circle, we make the identification
(z1, z2) ∼ (z1 eR1 , z2 eR2) . (2.2)
The resulting space, which we denote as S1(R)× R41,2 , is called the 5d Ω-background.
—— Evaluation of the Partition Function ——
We are now ready to derive non-perturbative Schwinger-Dyson equations for the SU(2)pi
theory. As we motivated earlier, this amounts to computing the partition function of the
theory on S1(R)× R41,2 in the presence of the loop defect.
Such a partition function is, by construction, defined for a U(2) gauge theory instead of a
SU(2) one, so we will need to decouple the overall U(1) by hand (in the brane picture, this
corresponds to the center of mass of the two D5 branes, which is supposed to be a massive
mode and decouple). This is an important distinction for us, since we will want to interpret
the SU(2) theta angle as a U(2) Chern-Simons level. Then, from now on, let us take the
gauge group to be G = U(2), with Chern-Simons level κ ∈ {0, 1}, and we will specialize to
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SU(2) with κ = 1 only at the very end5. The partition function can be expressed as the
Witten index of the U(k) N = (0, 4) gauged quantum mechanics we just reviewed [23, 46].
The index can be evaluated using equivariant localization, and will depend on the following
fugacities:
– The instanton counting parameter, which we will call q˜, associated to the topological U(1)
symmetry. It implicitly contains the 5d Yang-Mills coupling.
– The rotation parameters e1 and e2 of R41,2 . They are associated to symmetry generators
J1+JR and J2+JR, where J1 and J2 are Cartan generators of SO(4)1234 = SU(2)1×SU(2)2,
and JR is the Cartan generator of the R-symmetry SO(3)789 = SU(2)R. The following
notation will come in handy:
+ ≡ 1 + 2
2
, − ≡ 1 − 2
2
. (2.3)
– The 5d Coulomb parameters a1,2 of U(2).
– The defect parameter M associated to U(1)loop. Recall that the masses of the two
corresponding fermions were identified earlier as a1 −M and a2 −M .
– Finally, the Chern-Simons level κ of U(2). The 5d Chern-Simons term induces a 1d
Chern-Simons term on the U(k) quantum mechanics, which is compatible with (0, 4)
supersymmetry [47, 48].
The above symmetry groups are all global symmetries from the point of view of the U(k)
quantum mechanics.
The index is the grand canonical ensemble of instanton BPS states. It factorizes into the
product of a perturbative factor involving the classical and 1-loop contributions, and of a
factor capturing the instanton corrections:
Zfull(M) = Zpert · Zinst(M) . (2.4)
Only the factor Zinst(M) depends on the defect fugacity M .
A subtle but important question is whether the UV quantity Zinst(M) captures the true
instanton counting of the low energy QFT. Indeed, when counting instantons, we are only
interested in the Higgs branch of the quantum mechanics. It could happen that the Higgs
branch meets the Coulomb branch at a location in moduli space where the Coulomb branch
develops a continuum, resulting in extra spurious states. These will manifest themselves
in 5d as decoupled bulk states. We collect these extra unwanted contributions in a factor
Zextra:
Zinst(M) ≡ Z(M) · Zextra(M) (2.5)
5One could worry about a global anomaly due to the U(1) ⊂ U(2), but our brane realization of the Wilson
loop actually engineers a bare 1d Chern-Simons term at level 1/2, which makes the system anomaly-free.
This is essentially because of the flux due to the D3 brane on the D5 branes [44, 45].
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An underlying string theory picture such as the one we provided usually helps to identify
Zextra(M). For instance, consider our gauge theory U(2) at Chern-Simons level κ = 2. This
should be equivalent to the theory at κ = 0, but the index is known to be different [32].
The reason is clear in our (p, q) web, since when κ = 2, there are two parallel NS5 branes,
which means D1 branes between them can escape to infinity in the X6 direction. This hints
at a continuum in the Coulomb branch of the quantum mechanics, see figure 3. As a result,
when the D3 brane happens to be located between the NS5 branes, there will be unwanted
D3/D1 string states that are counted in the index. In this section, our goal is to eventually
set κ = 1, and in that case, it will turn out that Zextra = 1. We will later see that in the
Sp(1) formalism, Zextra 6= 1.
Figure 3: The U(2) gauge theory at Chern-Simons level κ = 2, and a D1 instanton string
as a red segment between the two parallel NS5 branes. Because the D3 brane is also placed
between the two NS5 branes, this configuration will result in extra UV contributions to the
partition functions, Zextra 6= 1, which need to be factored out.
In order to make contact with Seiberg-Witten geometry, we actually need to normalize the
index by the partition function of the pure U(2) theory, in the absence of loop defect. We
denote it as
Zfullpure = Z
pert · Zinstpure , (2.6)
where the instanton part once again contains a QFT contribution and potentially an extra
contribution due to the UV completion:
Zinstpure ≡ 〈1〉 · Zextrapure . (2.7)
Notice that Zpert cancels out after normalization, so we will not need to compute it:
Zfull(M)
Zfullpure
=
Zinst(M)
Zinstpure
=
Z(M)
〈1〉 ·
Zextra(M)
Zextrapure
. (2.8)
The ratio Z(M)〈1〉 turns out to have a remarkable regularity property in the variable e
M .
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To understand this, we organize the instanton contribution Zinst(M) as a sum over all
instanton sectors k, where the integer k = 1
8pi2
∫
R4 Tr(F ∧ F ) is the U(1) topological charge
in 5d, conjugate to the instanton counting fugacity q˜.
We can evaluate the gauge theory index in the weak coupling regime of the UV quantum
mechanics, where it reduces to Gaussian integrals around saddle points. These saddle points
are parameterized by φ = Rϕ(QM) + iRA
(QM)
t , with A
(QM)
t the gauge field and ϕ
QM the
scalar in the vector multiplet of the quantum mechanics, and R the radius of the S1 along
X0. Since the gauge group of the quantum mechanics is U(k), we denote the (complexified)
eigenvalues of φ as φ1, . . . , φk. Performing the Gaussian integrals over massive fluctuations,
the index reduces to a zero mode integral of various 1-loop determinants:
Zinst(M) =
∞∑
k=0
q˜k
k!
∮ [
dφI
2pii
]
Z(k)vec · Z(k)C.S. · Z(k)defect(M) , (2.9)
Z(k)vec =
k∏
I 6=J
I,J=1
sh(φI − φJ)
k∏
I,J=1
sh(φI − φJ + 2+)
sh(φI − φJ + + ± −)
k∏
I=1
2∏
i=1
1
sh(±(φI − ai) + +) ,
Z
(k)
C.S. = (−1)k κ
k∏
I=1
eφI κ ,
Z
(k)
defect =
2∏
i=1
sh(ai −M)
k∏
I=1
sh(±(φI −M) + −)
sh(±(φI −M)− +) .
Above, we defined a convenient notation sh(x) ≡ 2 sinh(x/2), where products over all signs
inside an argument should be considered; for example, sh(a± b) ≡ sh(a+ b) sh(a− b). The
presence of k! in the denominator is the Weyl group order of U(k).
– The factor Z
(k)
vec contains the physics of the 5d vector multiplet.
– The factor Z
(k)
defect contains the physics of the Wilson loop defect.
– The factor Z
(k)
C.S. contains the physics of the U(2) Chern-Simons term
κ
24pi2
∫
Tr
[
A ∧ F ∧ F + i
2
A3 ∧ F − 1
10
A5
]
, (2.10)
with κ an integer6. Note the presence of the phase (−1)k κ, which has been argued to
be due to the decoupling of the overall U(1) inside U(2) [32]. Indeed, viewing U(2) as
U(1)× SU(2), the bare U(2) Chern-Simons term becomes a mixed Chern-Simons term for
the SU(2) theory, proportional to
κ
∫
A ∧ Tr [F ∧ F ] (2.11)
6A more general statement is that if the 5d theory has an even number of fundamental hypermultiplets,
then κ is integer, while if the theory has an odd number of fundamental hypermultiplets, κ is half-integer.
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This explains the dependence on k in (−1)k κ.
The partition function is a multi-dimensional integral over the 1d Coulomb moduli φI ’s,
which can be evaluated by residues using an “i” prescription, or using the so-called Jeffrey-
Kirwan residue [49]. For a review of the latter in our context, see [46, 50, 51] and [52].
The loop defect factor Z
(k)
defect is made up of two contributions, the first of which is
2∏
i=1
sh(ai −M) . (2.12)
These are the 1-loop determinants obtained from the quantization of the D3/D5 strings
in the web. Such a quantization was first carried out in our context in [41], see also [53].
This is the contribution of 2 Fermi multiplets with a single fermion, transforming in the
bifundamental representation of U(2)× U(1)loop. Second, there are factors
k∏
I=1
sh(±(φI −M) + −)
sh(±(φI −M)− +) , (2.13)
which are the 1-loop determinants obtained from the quantization of the D3/D1 strings.
It is the contribution of one fundamental twisted hypermultiplet and one Fermi multiplet
with two fermions.
Note that there are more string configurations involving the D3 brane that we have described
so far. For instance, one could have D1 strings stretching between the D3 brane and the
NS5. However, such a sector has to do with ’t Hooft loop physics instead [54, 55], so we
should decouple it to start with. All in all, Z
(k)
defect above contains exclusively Wilson loop
physics.
Now, the key step is to define a defect loop operator vev,
〈
[Y (M)]±1
〉
≡
∞∑
k=0
q˜k
k!
∮
pure
[
dφI
2pii
]
Z(k)vec · Z(k)C.S. ·
[
Z
(k)
defect(M)
]±1
. (2.14)
At first sight, the one-point function 〈Y (M)〉 looks like the partition function, but they
differ in the choice of contours. The contour integral for the Y -operator vev is defined to
avoid all poles from the defect factor Z
(k)
defect. In other terms, since the dependence of the
integrand on the fugacity M is exclusively due to Z
(k)
defect, none of the poles will depend on
M .
This is very different from the partition function, where either the “i” prescription or the
Jeffrey-Kirwan residue order us to enclose exactly one pole coming from the defect factor
Z
(k)
defect:
φI −M − + = 0 for some for some I ∈ {1, . . . , k} . (2.15)
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Then, we find by direct computation that the partition function can be written in terms of
the Y -operator loop vevs, as a sum of exactly two terms:
Zinst(M) = 〈Y (M)〉+ q˜ (−1)κ eκ(M++)
〈
1
Y (M + 2 +)
〉
. (2.16)
where κ ∈ {0, 1}. The meaning of this expression is as follows: the first term on the right-
hand side encloses almost all the (physical) poles of the partition function integrand, but
there is exactly one pole missing: the extra pole at φI = M + + from Z
(k)
defect. Nontrivially,
the residue at this missing pole is equal to the vev of the Y -operator inverse, with a shift:
(−1)κ eκ(M++) 〈Y (M + 2 +)−1〉. This is proved by simply evaluating the index integral
(2.18), and using the integral definition of the Y -operator (2.14). The presence of the
parameter q˜ in the second term counts exactly one instanton, to make up for the missing
M -pole.
We now decouple the overall U(1) by setting a1 = −a2 ≡ a, and further set κ = 1. We
obtain at once the partition function of the SU(2)pi theory in the presence of a fundamental
Wilson loop:
Zinstpi (M) = 〈Y (M)〉 − q˜ eM++
〈
1
Y (M + 2 +)
〉
. (2.17)
To make contact with Seiberg-Witten geometry, we normalize the partition function by the
pure contribution,
Zinstpure,pi =
∞∑
k=0
q˜k
k!
∮
pure
[
dφI
2pii
]
Z(k)vec · Z(k)C.S. . (2.18)
Because there are no spurious UV contributions coming from our ADHM realization,
we rewrite the normalized index Zinstpi (M)/Z
inst
pure,pi as Zpi(M)/ 〈1〉, following our previous
notation (2.8). Expanding this partition function in the (exponentiated) defect fugacity
eM , we find
1
〈1〉
[
〈Y (M)〉 − q˜ e(M++)
〈
1
Y (M + 2 +)
〉]
= e−M T (M ; {β1,2i }) , (2.19)
where T (M ; {β1,2i }) is a finite polynomial in eM , whose roots {β1,2i } define the vacuum.
To prove this is the case, it suffices to show that T (M ; {β1,2i }) is regular in eM . This
is most easily done by looking at the (lack of) M -related poles in the integrand which
can pinch a given contour. From the explicit expressions (2.9), this is a quick exercise7.
Furthermore, the asymptotics of Zinst(M) at M → ±∞ indicate the polynomial is monic
and of order 2.
The regularity of the partition function in eM is a proof that the boxed expression is a
7Details can be found for instance in [23] for U(N) at κ = 0. The same reasoning applies here, since the
presence of the Chern-Simons term does not introduce any M -poles inside the integrand.
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non-perturbative Schwinger-Dyson identity for the SU(2)pi gauge theory, solved explicitly
by the Y -operator vev (2.14).
At this point, we find it convenient to switch to exponentiated variables, so we define8:
z ≡ eM , α ≡ ea , q ≡ e1 , t ≡ e−2 (2.20)
v ≡
√
q
t
= e+ , u ≡ √q t = e−
The Schwinger-Dyson identity takes the form
1
〈1〉
[
〈Y (z)〉 − q˜ z v
〈
1
Y (z v2)
〉]
= z−1 T (M ; {β1,2i }) . (2.21)
Explicitly, the right-hand side has the following form
z−1 T (z; {βq,ti }) = z −
(
α+ α−1 + . . .
)
+ z−1 (2.22)
The dotted terms stand for higher instanton corrections, which do not depend on the defect
fugacity z. The above identity has several important implications, which we now turn to.
—— Physics of the Schwinger-Dyson Identity ——
First, it has been conjectured that non-perturbative Schwinger-Dyson equations for all
classical gauge groups can be understood as a double quantization of Seiberg-Witten
geometry [31]. A necessary condition for this to be true is that in the flat space limit
q, t→ 1, one should recover the Seiberg-Witten curve of the theory. In the case at hand, we
must first reinterpret the Y -operators in flat space as complex coordinates on the cylinder.
Namely, define the map [56]
y : C∗ → C∗ (2.23)
z 7→ 〈Y (z)〉 (2.24)
We see at once that after turning off the Ω-background, the Schwinger-Dyson identity
becomes the Seiberg-Witten curve of 5d SU(2)pi, with coordinates (z, y) ∈ C∗ × C∗9:
y(z)− q˜ z
y(z)
= z−1 T (z; {β1,1i }) (2.25)
Above, T (z; {β1,1i }), is still a degree 2 monic polynomial in z; we simply took the flat space
8The radius R of the X0-circle is implicit in all the exponents, and we have set it to 1 in all expressions.
It is an easy task to reinstate it explicitly if needed.
9The Seiberg-Witten curve can be for instance derived directly from our SU(2)pi brane web, see the
appendix of [34].
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limit q, t→ 1 of the roots {βq,ti }.
Second, the left-hand side of the identity has an interpretation in representation theory, as
a deformed character of the spin 1/2 representation of the quantum affine algebra Uq(Â1).
Following [7], we call it a fundamental qq-character. It reads
χ(A1,pi)qq =
1
〈1〉
[
〈Y (z)〉 − q˜ z v
〈
1
Y (z v2)
〉]
, (2.26)
where the second term is built from the first through the “i-Weyl” [56] group action
〈Y (z)〉 7→ −q˜ z v
〈
1
Y (z v2)
〉
. (2.27)
The regularity of this character is guaranteed by the Schwinger-Dyson identity, namely the
finiteness of the Laurent polynomial (2.22). Note the additional twist in the definition of
the i-Weyl action compared to the usual θ = 0 case: in that case, the qq-character
χ(A1,0)qq =
1
〈1〉
[
〈Y (z)〉+ q˜
〈
1
Y (z v2)
〉]
(2.28)
is generated through the i-Weyl group action
〈Y (z)〉 7→ q˜
〈
1
Y (z v2)
〉
. (2.29)
Third, the right-hand side of the Schwinger-Dyson identity encodes Wilson loop vev physics.
Indeed, it is known that the partition function of the gauge theory on D5 branes in the
presence of a D3 brane loop defect is the generating function of Wilson loop vevs, in all
fundamental representations of the gauge group [41]. In our case, the gauge group is SU(2)pi,
so there is a unique fundamental representation, the spin 1/2 representation. We expect
from the brane web that the Wilson loop vev should be the U(1)loop-neutral term in the
partition function, see figure 4. Put differently, the Wilson loop vev is the z-independent
term in the right-hand side of our Schwinger-Dyson identity,
z−1 T (z; {βq,ti }) = z − 〈W2〉+ z−1 . (2.30)
In the absence of D1 strings, the above is nothing but the 1-loop determinant obtained
from quantized D5/D3 strings, and the Wilson loop vev is simply 〈W2〉 = α + α−1. In
our ADHM quantum mechanics, the vev gets an infinite number of instanton corrections.
Explicitly, we expand the left-hand side of (2.21) in z and identify the U(1)loop-neutral
term to be:
〈W2〉 = α+ α−1 + q˜ α
2 (v + v−1)
(1− (v α)2)(1− (α/v)2) + o
[
q˜2
]
(2.31)
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Figure 4: The partition function as a generating function of Wilson loop vevs, from the
(p, q) web perspective. Since there can be at most one fundamental string stretched between
a D5 and a D3 brane (the zero mode being fermionic), we are effectively summing over the
four configurations above. The top two configurations carry an almost trivial contribution
to the partition function, as can be seen for example using a Hanany-Witten move [57]. In
the top left picture, we can pull the D3 brane up and past the top D5 brane, resulting in
a decoupled D3 brane. The flux on the D5 branes due to the D3 brane U(1)loop results
in a classical contribution z to the partition function (instead of 1). Similarly for the top
right picture, pulling the D3 brane down and past the bottom D5 brane, the D3 brane
decouples from the web, and the only contribution there is again due to the induced flux,
which contributes the term z−1. The bottom two pictures are configurations with no net
fundamental strings ending on the D3 brane, which means the corresponding states are
neutral under U(1)loop. The bottom left picture represents a classical contribution α to the
partition function, while the bottom right represents a classical contribution α−1. Note
that in those two cases, the D3 brane cannot be decoupled from the web, so we expect
nontrivial instanton corrections due to the k D1 strings. On the other hand, because the
D3 brane is decoupled in the top two pictures, the classical contributions z and z−1 are
expected to be exact.
The expansion can be carried out to an arbitrary high instanton order, by performing an
increasing number of residue integrals. It is illuminating to introduce new fugacities10:
α ≡ Q1/2F , q˜ ≡ −QB Q−1/2F (2.32)
10The notation comes from Calabi-Yau geometry, where we can assign Ka¨hler classes to the fiber and
base P1 for the Hirzebruch surface F1; this is the geometry relevant to the SU(2)pi theory.
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Then, we can present the Wilson loop vev as a BPS-like expansion, up to normalization:
Q
1/2
F 〈W2〉 = 1 +QF +QB QF χSU(2)2 (v) +QB Q2F χSU(2)4 (v) (2.33)
+QB Q
3
F χ
SU(2)
6 (v) +QB Q
4
F χ
SU(2)
8 (v) +Q
2
B Q
2
F χ
SU(2)
5 (v)
+Q2B Q
3
F
(
χ
SU(2)
2 (u)χ
SU(2)
8 (v) + 2χ
SU(2)
7 (v) + χ
SU(2)
5 (v)
)
+ . . .
Above, we wrote χ
SU(2)
j for the character of the j-dimensional irreducible representation of
SU(2); for instance, the characters χ2(u) =
√
q t+ 1√
q t
and χ5(v) =
q2
t2
+ qt + 1 +
t
q +
t2
q2
appear in the expansion. A geometric interpretation of this expansion is currently lacking;
it would be important to understand it properly.
A similar analysis of the Wilson loop vev when θ = 0 was carried out in detail in [22]. The
Wilson loop vev in that case comes out to be
〈W2〉 = α+ α−1 − q˜ v
2 (α+ α−1)
(1− (v α)2)(1− (v/α)2) + o
[
q˜2
]
, (2.34)
as can be explicitly checked by taking κ = 0 in (2.16). The expansion of the SU(2)0 loop
vev in clever (meaning S-duality invariant) coordinates hints at an enhancement of the
topological U(1) global symmetry to E1 = SU(2) at the fixed point. From our expression
(2.33), it is clear that no such enhancement occurs in our SU(2)pi analysis, which is consistent
with the fact that the fixed point theory E˜1 only has a U(1) global symmetry.
We now give a second presentation of the SU(2)pi quantum geometry, this time from an
ADHM quantum mechanics originating in type I’ string theory.
3 The Sp(1)pi quantized geometry, the type I’ way
Consider type IIA string theory in flat space. We compactify the X0-direction on a circle
S1(R) of radius R, introduce an orientifold O8− plane and the following branes:
0 1 2 3 4 5 6 7 8 9
O8− × × × × × × × × ×
k D0 ×
1 D4 × × × × ×
1 D4′ × × × × ×
F1 × ×
Table 2: The directions of the various branes. The direction X0 is compact.
Due to the presence of the orientifold plane, the low energy effective theory on the D4 brane
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is a 5d Sp(1) gauge theory on S1(R)× R4. On the Coulomb branch, the distance between
a D4 brane and its image (the Coulomb modulus) is defined to be 2a.
The D4′ brane wraps the X0-circle and sits at the origin of R4. As such, it realizes a
1/2-BPS loop defect from the point of view of the D4 brane theory. Finally, we think of the
k D0 branes as instantons of the D4 brane theory. The gauge group on the D0 branes is
Ĝ = O(k), which has a Z2 center. As a set, it is O(k)+ ∪O(k)−, where the superscript is
the charge under this Z2. The component O(k)+ is the group SO(k), while O(k)−, the set
of elements of O(k) with determinant -1, does not form a group.
In gauge theory terms, the D4′ brane theory is coupled to the D4 brane theory once again
through 1d fermions along X0, with associated “defect” group Sp(1)loop. Therefore, the
fermions transform in the bifundamental representation of Sp(1)×Sp(1)loop, where the first
group is the D4 brane group, and the second group is the D4′ brane group. Pulling the
D4′ brane a distance M away in the X9-direction, there are now open strings with nonzero
tension between the D4 and D4′ brane; the resulting fermions can then be considered heavy
probes with mass proportional to the distance M . The action term coupling the 1d fermions
to the bulk is as before,
S5d/1d =
∫
dt χ†i,ρ
(
δρσ(δij ∂t − i A[5d]t,ij + Φ[5d]ij )− δij A˜t,ρσ
)
χj,σ . (3.1)
Above, A
[5d]
t and Φ
[5d] are the pullback of the 5d gauge field and the adjoint scalar of the
vector multiplet, respectively. A˜t is the (nondynamical) gauge field the 1d fermions couple
to, with eigenvalues ±M . The indices i and j are in the fundamental representation of
Sp(1), while the indices ρ and σ are in the fundamental representation of Sp(1)loop. The
variable t is periodic, with period R/(2pi).
Finally, we put the theory on the 5d Ω-background S1(R)×R41,2 . The following fugacities
which will come in handy:
+ ≡ 1 + 2
2
, − ≡ 1 − 2
2
, m ≡ 3 − 4
2
, (3.2)
where 1, 2, 3, and 4 are the chemical potentials associated to the rotations of the R212,
R234, R256, and R278 planes, respectively.
Our interest lies in computing the index of the O(k) ADHM gauged quantum mechanics
on the D0 branes, which in our background has (0, 4) supersymmetry. The explicit field
content of of the quantum mechanics is given for instance in [3, 31]. For our purposes, we
will only need the various 1-loop determinants that make up the index, and we collected
those in the appendix.
An important point is that in the absence of D8 branes, the charge of the O8 plane is not
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canceled, which means the dilaton is running in X9. As a consequence, the U(1) instanton
charge k will receive an anomalous contribution, which in turn causes a fractional shift to
the instanton charge. The index of the D0 brane quantum mechanics we study here will
not be affected by this shift, but other physical quantities typically are (for example, the
superconformal index is, as was shown explicitly in [3]).
—— Evaluation of the Partition Function ——
In the previous section, we interpreted the θ-angle of SU(2) as the Chern-Simons level of
U(2). What is the origin of the θ-angle for Sp(N)? It turns out we can make a discrete
choice in the type I’ background; consider the RR one-form gauge field C1 in type IIA.
After compactifying on the circle along X0, we obtain a new U(1) modulus in 9 dimensions,∫
S1 C1 = θ. The orientifold projection of the O8 plane projects out θ, but not entirely: due
to the periodicity θ → θ + 2pi, the U(1) gets broken to Z2, so θ = 0 or θ = pi. From the
point of view of the effective theory on the D4 branes, θ can be regarded as a discrete gauge
instanton in 5d, consistent with the mathematical fact pi4(Sp(N)) = Z2. From the point of
view of the k D0 brane quantum mechanics, θ can be regarded as a discrete instanton in 1d,
consistent with the mathematical fact pi0(O(k)) = Z2. There, eiθ is interpreted a discrete
holonomy for the 1d O(k) gauge theory, and correspondingly we have two components
O(k)+ and O(k)− [2, 32].
Once again, we can evaluate the gauge theory index in the weak coupling regime of the
UV quantum mechanics, where it reduces to Gaussian integrals around saddle points.
Performing those over massive fluctuations, the index reduces to a zero mode integral of
various 1-loop determinants, over the (complexified) Coulomb moduli of the 1d quantum
mechanics:
Z(k,±)(M) =
1
|O(k)±|χ
∮ [
dφI
2pii
]
Z(k,±)vec · Z(k,±)antisym · Z(k,±)defect(M) . (3.3)
We denoted the 1-loop determinants related to Ĝ = O(k)+ as Z(k,+), and those related to
Ĝ = O(k)− as Z(k,−). For the sake of brevity, we only made the dependence on the defect
fugacity M explicit in writing the partition function. |O(k)+| is the order of the Weyl
group of SO(k), and |O(k)−| is the order of the Weyl group of O(k)−. We also introduced
a notation
k ≡ 2n+ χ , χ = 0, 1 . (3.4)
Explicit expressions for the 1-loop determinants are written in the appendix.
– The factor Z
(k,±)
vec contains the physics of the 5d vector multiplet.
– The factor Z
(k,±)
antisym contains the physics of a 5d hypermultiplet in the antisymmetric
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representation of the gauge group. There is an associated mass m, which we interpreted
geometrically above (3.2). In what follows, we first evaluate the integrals, and then decouple
the antisymmetric matter by taking the limit m→∞.
– The factor Z
(k,±)
defect contains the physics of the Wilson loop defect. As we noted, it is the
only contribution depending on the fugacity M .
The component Z(k,−) can be understood as inserting a parity operator (−1)P in the Witten
index, with P being the element −1 of O(k)−. Note that the 5d Coulomb fugacities are
parity-odd, hence the presence of hyperbolic cosines in the 1-loop determinants. To compute
a physical partition function, it is necessary to have a spectrum of definite parity. There
are two options here, which is precisely the Z2 choice of θ-angle.
On the one hand, one can project to parity-even states with 12(1 + (−1)P ), which amounts
to computing the index
Z
(k)
0 (M) ≡
1
2
[
Z(k,+)(M) + Z(k,−)(M)
]
, Zinst0 (M) =
∞∑
k=0
q˜k Z
(k)
0 (M). (3.5)
This is the choice θ = 0.
On the other hand, one can project to parity-odd states with 12(1− (−1)P ), which amounts
to computing the index
Z(k)pi (M) ≡
(−1)k
2
[
Z(k,+)(M)− Z(k,−)(M)
]
, Zinstpi (M) =
∞∑
k=0
q˜k Z(k)pi (M). (3.6)
This is the choice θ = pi, which is the one of interest for us. There is a priori an ambiguity
in the overall sign, but one can argue (indirectly) that the correct sign is (−1)k [32]. For
instance, when k = 1, one can show that the ground state of an instanton particle in Sp(N)pi
is fermionic, hence an overall negative sign must be present.
To derive non-perturbative Schwinger-Dyson equations, we proceed as in the SU(2) formal-
ism and define a defect loop operator vev, from the building blocks〈[
Y (k,±)(M)
]±1〉
=
1
|O(k)±|χ
∮
pure
[
dφI
2pii
]
Z(k,±)vec · Z(k,±)antisym ·
[
Z
(k,±)
defect(M)
]±1
. (3.7)
Again, in what follows, we decouple the antisymmetric matter by taking the limit m→∞,
but only after evaluating the integrals. The definition of the defect operator vev is then〈[
Y (k)pi (M)
]±1〉 ≡ (−1)k
2
[〈[
Y (k,+)(M)
]±1〉−〈[Y (k,−)(M)]±1〉] , (3.8)
〈
[Ypi(M)]
±1
〉
=
∞∑
k=0
q˜k
〈[
Y (k)pi (M)
]±1〉
.
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The vev 〈Ypi(M)〉 differs from the physical partition function Zpi(M) only in the choice of
contours, by avoiding all poles from the defect factor Z
(k,±)
defect.
Using a “i” prescription or the Jeffrey-Kirwan residue, we find by direct computation that
the partition function can be expressed as an infinite Laurent series in Y -operator loop
vevs:
Zinstpi (M) = 〈Ypi(M)〉+ . . . (3.9)
Indeed, the dots stand for an infinite number of M -dependent poles coming from Z
(k,±)
defect
that need to be enclosed by the contours, and each term in the Y -series stands for a residue
at a new M -pole locus [31]. Unlike SU(N) gauge theories, there does not exist as of today
a combinatorial interpretation of the M -poles in the index. It follows that there is no
closed-form expression for the above expansion, and one needs to carry out the integrals
explicitly to write down the higher order terms.
Nevertheless, let us press on and consider the normalized partition function, Zinstpi (M)/Z
inst
pure,pi,
where the denominator is the partition function in the absence of the Wilson loop, with
components
Z(k,±)pure =
1
|O(k)±|χ
∮ [
dφI
2pii
]
Z(k,±)vec · Z(k,±)antisym (3.10)
and
Z(k)pure,pi ≡
(−1)k
2
[
Z(k,+)pure,pi − Z(k,−)pure,pi
]
, Zinstpi =
∞∑
k=0
q˜k Z(k)pure,pi . (3.11)
We should worry whether or not this normalized index is counting unwanted states present
in the UV complete quantum mechanics but absent in the low energy QFT. In the language
of section 2, there are spurious contributions Zextra in the defect partition function, and
Zextrapure in the pure partition function:
Zinst(M)
Zinstpure
=
Z(M)
〈1〉 ·
Zextra(M)
Zextrapure
. (3.12)
In the SU(2)pi formalism, we had both Z
extra = 1 and Zextrapure = 1, which made our task
easy. In the Sp(1)pi formalism, however, both factors are nontrivial, and they do not cancel
out: Zextra/Zextrapure 6= 1. Thankfully, the origin of Zextra and Zextrapure is easy to identify in
our string theory construction: they are D0/D4′/O8 and D0/O8 contributions, respectively.
Indeed, even in the absence of D4 branes, the index is counting D0 brane states from the
above sectors. It follows that the spurious factors could be identified by turning off the D4
brane fugacity in the partition function; we will see in a few paragraphs that this intuition
is correct, and the decoupling of Zextra amounts to setting the 5d Coulomb parameter a to
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−∞ in the unnormalized partition function, after evaluation of the integrals11:
Zinst(M)
∣∣
a=−∞ . (3.13)
From equation (3.12), it is then an easy task to extract the QFT quantity Z(M)/〈1〉. After
doing so, we expand the normalized partition function in the defect fugacity eM , and derive
a Schwinger-Dyson identity:
1
〈1〉
[
〈Ypi(M)〉+ . . .
]
= e−M T (M ; {β1,2i }) . (3.14)
Quite beautifully, we find that the right-hand side T (M ; {β1,2i }) is precisely the polynomial
(2.19) we previously computed in the SU(2)pi formalism, at least up to 4 instantons. We
conjecture this remains true to all instantons orders. In particular, it is a finite polynomial
in eM , whose roots {β1,2i } define the vacuum. A general proof of this statement would
require a closed-form expression for the left-hand side of the Schwinger-Dyson equation, as
was the case in section 2, where the classification of M -poles was nearly trivial. Here, the
left-hand side has an infinite number of terms, in one-to-one correspondence with the infinite
number of M -poles to be enclosed in the integrand, with a seemingly unruly behavior.
Therefore, the finitess of the polynomial T (M ; {β1,2i }) remains a conjecture in the Sp(1)pi
formalism. The Jeffrey-Kirwan residue prescription provides an explicit algorithm to check
this conjecture to arbitrarily high instanton number.
We find it convenient to switch to exponentiated fugacities:
z ≡ eM , α ≡ ea , q ≡ e1 , t ≡ e−2 (3.15)
v ≡
√
q
t
= e+ , u ≡ √q t = e− (3.16)
In those variables, the Schwinger-Dyson identity reads
1
〈1〉
[
〈Ypi(z)〉+ . . .
]
= z−1 T (z; {βq,ti }) . (3.17)
Assuming our conjecture on the regularity of the partition function in z holds to all instanton
orders, we turn to the interpretation of the result.
—— Physics of the Schwinger-Dyson Identity ——
First, can we make sense of equation (3.17) as a quantization of the Sp(1)pi Seiberg-Witten
11There is also a “center of mass” term present at the first instanton order only. We give explicit formulas
below.
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curve? This is a priori puzzling, because the left-hand side of the identity contains an
infinite number of terms, whereas the Seiberg-Witten curve of Sp(1) only contains Y -terms
up to order q˜2 in our conventions. We propose that the resolution of this apparent paradox
is the same as in the θ = 0 case [31]. Namely, in the flat space limit q, t → 1, each term
starting at order q˜3 on the left-hand side of the Schwinger-Dyson identity must vanish, while
the lower order terms must survive. Meanwhile, the Laurent polynomial on the right-hand
side becomes z−1 T (z; {β1,1i }), where the roots {β1,1i } are simply the flat space limit of the
roots {βq,ti }. The exact mechanism of these cancellations deserves a careful investigation,
and we leave it to future work.
Second, since the left-hand side of (3.17) is regular in z, it may still be possible to interpret
it as a qq-character of some representation of a quantum affine algebra. A hint should come
from the study of quantum integrable systems with open boundaries, where the role of our
orientifold plane in string theory is played by a reflection matrix for a XXZ spin chain [58, 59].
Third, just like in the SU(2) formalism, the z-independent term on the right-hand side of
the Schwinger-Dyson identity should be a Sp(1)pi Wilson loop vev, where the trace of the
loop is evaluated in the fundamental representation:
z−1 T (z; {βq,ti }) = z − 〈W2〉+ z−1 . (3.18)
As we mentioned earlier, we find by direct computation that the Wilson loop vev agrees
exactly with the SU(2)pi one computed in (2.31), at least up to 4 instantons:
〈W2〉 = α+ α−1 + q˜ α
2 (v + v−1)
(1− (v α)2)(1− (α/v)2) + o
[
q˜2
]
(3.19)
For the sake of completeness, we also give the UV spurious contribution of the D0/D4′/O8
system, which should be subtracted from the normalized ADHM index in order to obtain
all the above results12:
Zsubtractpi (M) =
q˜
√
q t
(1− q)(1− t) − Z
inst
pi (M)
∣∣∣∣
α=0
(3.22)
= q˜
( √
q t
(1− q)(1− t) −
∞∑
i=1
χ
SU(2)
2i (v) z
2i
)
(3.23)
12In this additive notation,
Z(M)
〈1〉 =
Zinst(M)
Zinstpure
− Zsubtract(M) (3.20)
Equivalently, in the multiplicative notation of equation (3.12),
Zextra(M)
Zextrapure
=
Zinst(M)/Zinstpure
Zinst(M)/Zinstpure − Zsubtract(M) (3.21)
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Above, χ
SU(2)
j (v) is the character of the j-dimensional irreducible representation of SU(2);
for example, χ
SU(2)
2 (v) =
√
q/t+
√
t/q.
For comparison, when θ = 0, the spurious UV contribution is computed to be
Zsubtract0 (M) = −Zinst0 (M)
∣∣∣∣
α=0
(3.24)
= −q˜
∞∑
i=1
χ
SU(2)
2i−1 (v) z
2i−1 (3.25)
We see that the spurious contribution when θ = 0 (pi) is a generating function of odd (even)
dimensional SU(2) characters, and only affects the one instanton result.
4 Generalizations
In this section, we generalize our results to higher rank gauge theories and discuss the
addition of fundamental matter.
4.1 Sp(N) at θ-angle pi for N > 1
Our Sp(1)pi analysis generalizes at once to higher rank theories, by increasing the number
of D4 branes. The partition function is computed exactly as in the previous section,
Z(k)pi (M) ≡
(−1)k
2
[
Z(k,+)(M)− Z(k,−)(M)
]
, Zinstpi (M) =
∞∑
k=0
q˜k Z(k)pi (M), (4.1)
with the explicit 1-loop determinants written in the appendix. The non-perturbative
Schwinger-Dyson equation takes the same functional form as in the rank 1 case,
1
〈1〉
[
〈Ypi(M)〉+ . . .
]
= e−N M T (M ; {β1,2i }) . (4.2)
This happens because the infinite Laurent series in Y -operator vevs on the left-hand side
is entirely determined by the poles depending on M . Since we have not increased the
number of D4′ branes, the M -dependent poles are the same for all Sp(N) gauge theories.
In particular, the associated qq-character has the same functional expression for all N .
The dependence on the rank is only present in the right-hand side of the Schwinger-Dyson
identity, where T (M ; {β1,2i }) is a finite polynomial of degree 2N in eM . As before, the
roots {β1,2i } define the vacuum. We suspect that the coefficients of the polynomial can
be reinterpreted as Wilson loop vevs of Sp(N), albeit in a rather nontrivial way compared
to the rank 1 case. To see how this works, let us consider a setup without any D0 brane.
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Then, the partition function is entirely due to the contribution of D4/D4′ strings,
ZD4/D4′ =
N∏
i=1
sh(M ± ai) . (4.3)
It is always possible to rewrite the above in terms of Wilson loop vevs, at least classically.
For instance, when N = 2, we obtain
ZD4/D4′ = z
−2 − 〈W[1,0]〉 z−1 +
(〈W[0,1] + 1〉)− 〈W[1,0]〉 z + z2 , (4.4)
where we denoted the fundamental representations of Sp(2) in Dynkin basis. After adding
the D0 branes, the coefficients will get an infinite number of instanton corrections. They are
computed as usual by expanding the normalized partition function in the defect fugacity z.
We leave the computation of these exact Sp(N) Wilson loop vevs to future work.
We should address the presence of extra UV degrees of freedom in the ADHM index, which
as usual need to be decoupled to derive the QFT Schwinger-Dyson identity. Thankfully, the
increasing number of D4 branes does not create extra complications, and we find that the
spurious factors can still be identified as in the Sp(1) case, by decoupling the D4 branes.
For instance, for Sp(2)pi, we find
Zsubtractpi (M) = −Zinstpi (M)
∣∣∣∣
α1,α2=0
(4.5)
= q˜
∞∑
i=1
χ
SU(2)
2i−1 (v) z
2i−1 (4.6)
As a last remark, after taking the flat space limit +, − → 0, (4.2) should become the
Seiberg-Witten curve of the Sp(N)pi theory after an infinite number of cancellations on the
left-hand side, following the same reasoning as in the rank 1 case.
—— Adding fundamental matter ——
Nf fundamental hypermultiplets contribute additional fermionic zero-modes to the ADHM
index, and can be realized in the string theory by adding Nf D8 branes in the X0,1,2,3,4,5,6,7,8-
directions. The relevant 1-loop determinants are written in the appendix.
The resulting Schwinger-Dyson equations will be slightly modified compared to the one we
studied so far, but only barely: the qq-character will get an additional twist due to flavor
factors, but the functional dependence on Y -operators will be the same as before, since
there are no new M -poles to consider. Details in the case θ = 0 are given in [31].
If we require the 5d Sp(N) gauge theory to admit a nontrivial UV fixed point, there are
– 25 –
additional constraints on the theory; for instance, for a fixed rank N , only Nf ≤ 2N + 4
flavors are allowed [60]13. When the inequality is saturated, the ADHM quantum mechanics
sees a new continuum opening up in its Coulomb branch, which will manifest itself as a
new UV contribution Zextra to the index. This will come from the D0/D4′/O8/D8 sector
of the string theory, and decoupling such a spurious factor may require extra care.
4.2 SU(N) at Chern-Simons level κ for N > 2
When N > 2, the 5d N = 1 SU(N) theory admits an honest Chern-Simons term. The
formalism we used for the theta angle of SU(2) is readily generalized to study the Wilson
loop of a higher rank special unitary theory, at Chern-Simons level κ ∈ {0, 1, 2, . . . , N − 1}.
It is once again convenient to use a (p, q) web of branes for the underlying UV picture. As
in the N = 2 case, we compute the partition function of a U(N) theory first, by introducing
N moduli a1,2,...,N , and then freeze an overall U(1) by imposing the traceless condition∑N
i=1 ai = 0 to obtain the SU(N) Coulomb moduli. The index is given by
Zinst(M) =
∞∑
k=0
q˜k
k!
∮ [
dφI
2pii
]
Z(k)vec · Z(k)C.S. · Z(k)defect(M) , (4.7)
Z(k)vec =
k∏
I 6=J
I,J=1
sh(φI − φJ)
k∏
I,J=1
sh(φI − φJ + 2+)
sh(φI − φJ + + ± −)
k∏
I=1
N∏
i=1
1
sh(±(φI − ai) + +) , (4.8)
Z
(k)
C.S. = (−1)k κ
k∏
I=1
eφI κ , (4.9)
Z
(k)
defect =
N∏
i=1
sh(ai −M)
k∏
I=1
sh(±(φI −M) + −)
sh(±(φI −M)− +) . (4.10)
Compared to the N = 2 case, there are many more poles to be picked up by the contours14.
However, from the Schwinger-Dyson perspective, the only poles to keep track of are the
ones depending on the defect fugacity M . Then, it suffices to note that the contours of the
SU(N) partition function still enclose a pole at
φI −M − + = 0 for some I ∈ {1, . . . , k} , (4.11)
and only there, for each instanton number k. We therefore conclude that the partition
function can be written as
Zinst(M) = 〈Y (M)〉+ q˜ (−1)κ eκ(M++)
〈
1
Y (M + 2 +)
〉
. (4.12)
13The case N = 1 is special and allows Nf ≤ 7.
14The additional poles to be picked up have a famous classification in terms of N -colored Young diagrams
[11].
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Expanding the normalized partition function it in the defect fugacity eM , we derive the
following Schwinger-Dyson identity for SU(N) at level κ:
1
〈1〉
[
〈Y (M)〉+ q˜ (−1)κ eκ(M++)
〈
1
Y (M + 2 +)
〉]
= e−MN/2 T (M ; {β1,2i }) . (4.13)
This is understood as a quantization of the Seiberg-Witten geometry, and the usual Seiberg-
Witten curve of 5d SU(N) at level κ is recovered in the flat space limit +, − → 0. On
the right-hand side, T (M ; {β1,2i }) is a finite polynomial of degree N in eM , whose roots
{β1,2i } define the vacuum. In exponentiated variables,
z ≡ eM , α ≡ ea , q ≡ e1 , t ≡ e−2 (4.14)
v ≡
√
q
t
= e+ , u ≡ √q t = e− (4.15)
the Schwinger-Dyson identity reads
1
〈1〉
[
〈Y (z)〉+ q˜ (−1)κ zκ vκ
〈
1
Y (z v2)
〉]
= z−1 T (z; {βq,ti }) , (4.16)
The absence of z-poles in T (z; {βq,ti }) is proved as in the N = 2 case, by showing that one
cannot have pinch singularities.
The regularity in z is equivalent to the statement that the left-hand side of the Dyson-
Schwinger identity defines a qq-character for the spin 1/2 representation of the quantum
affine algebra Uq(Â1). The Chern-Simons level manifests itself as an additional twist in the
second term of the character,
χ(A1,κ)qq =
1
〈1〉
[
〈Y (z)〉+ q˜ (−1)κ zκ vκ
〈
1
Y (z v2)
〉]
, (4.17)
This character can be built out of the following i-Weyl group action on the highest weight
〈Y (z)〉:
〈Y (z)〉 7→ q˜ (−1)κ zκ vκ
〈
1
Y (z v2)
〉
. (4.18)
Meanwhile, the normalized index is the generating function of SU(N) Wilson loops in all
fundamental representations of the gauge group, as can be checked explicitly by carrying
out an expansion in z.
In the case κ = N , a continuum appears in the 1d Coulomb branch, which manifests itself
as a nontrivial Zextra contribution to the index, and is an artifact of the UV completion. In
the IIB (p, q) web picture, this is due to the presence of parallel NS5 branes, allowing a D1
brane continuum to appear. We already commented on that effect in the N = 2 case, see
figure 3. The decoupling of these unwanted states needs additional care in general.
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—— Adding fundamental matter ——
We can add Nf fundamental hypermultiplets by having Nf semi-infinite D5 branes in the
(p, q) web. This results in a new D1/D5 sector, with new fermionic zero modes coming from
Fermi multiplets in the bifundamental representation of U(k)× U(Nf ). We therefore need
to modify the index to account for these new Fermi multiplets in the quantum mechanics:
Zinst(M) =
∞∑
k=0
q˜k
k!
∮
Mk
[
dφI
2pii
]
Z(k)vec · Z(k)fund · Z(k)defect , (4.19)
Z
(k)
fund = (−1)kNf/2
k∏
I=1
Nf∏
d=1
sh (φI −md) , (4.20)
If Nf is even (odd), then κ is integer (half-integer). The phase (−1)kNf/2 is introduced by
hand to combine with the phase (−1)k κ of the bare Chern-Simons term. This results in
an effective Chern-Simons level κ+Nf/2, consistent with field theory expectations in the
presence of Nf fundamental hypermultiplets. A first-principle derivation of this phase is
not known to this day.
The matter factor Z
(k)
fund does not contribute new M -poles, so the partition function will
have the same functional form as previously. We find
Zinst(M) = 〈Y (M)〉+ q˜ (−1)κ+Nf/2 eκ(M++)
Nf∏
d=1
sh (M + + −md)
〈
1
Y (M + 2 +)
〉
.
(4.21)
Expanding the normalized index in the fugacity eM , we derive the following Schwinger-Dyson
identity:
1
〈1〉
〈Y (M)〉+ q˜ (−1)κ+Nf/2 eκ(M++) Nf∏
d=1
sh (M + + −md)
〈
1
Y (M + 2 +)
〉 = e−MN/2 T (M ; {β1,2i }) .
(4.22)
This is the quantized Seiberg-Witten geometry of 5d SU(N) at Chern-Simons level κ
and with Nf flavors, and the left-hand side is the associated qq-character. The usual
Seiberg-Witten curve is recovered in the flat space limit +, − → 0.
If we denote the flavor masses as fd ≡ emd , we can rewrite the identity in exponential
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variables, as
1
〈1〉
〈Y (z)〉+ q˜ (−1)κ+Nf/2 zκ vκ Nf∏
d=1
((
z v
fd
)1/2
−
(
fd
z v
)1/2)〈 1
Y (z v2)
〉 = z−N2 T (z; {βq,ti }).
(4.23)
The absence of z-poles in T (z; {βq,ti }) guarantees that the left-hand side defines a qq-
character, with an additional twist due to the Nf flavors. We will rewrite it slightly
differently, to make explicit the dependence on the effective Chern-Simons level κ+Nf/2:
χ
(A1,κ,Nf )
qq =
1
〈1〉
〈Y (z)〉+ q˜ (−z v)κ+Nf/2∏Nf
d=1 f
1/2
d
Nf∏
d=1
(
1− fd
z v
)〈
1
Y (z v2)
〉 . (4.24)
For a fixed rank N and Chern-Simons level κ, the gauge theory is known to have a UV
fixed point when Nf ≤ 2N − 2κ. When the inequality is saturated, a continuum appears in
the Coulomb branch of the ADHM quantum mechanics, and a spurious contribution Zextra
needs to be factored out of the index. This can once again be detected from parallel NS5
branes in the (p, q) web picture.
As a last remark, more exotic cases can be considered. For instance, when N ≤ 8, there
can be 1 antisymmetric and Nf fundamental hypermultiplets, and a UV fixed point exists
when Nf ≤ 8 −N − 2κ. An ADHM description for antisymmetric matter is known [61],
and non-perturbative Schwinger Dyson equations have been discussed in the case κ = 0
[31]. It should be possible to generalize the analysis to an arbitrary Chern-Simons level
following the methods we presented here.
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A 1-loop determinants for G = Sp(N) and Ĝ = O(k)
We use the notation sh(x) ≡ 2 sinh(x/2) and ch(x) ≡ 2 cosh(x/2). Products over all signs
inside an argument have to be considered, and we introduce the integer χ = 0, 1.
For a given instanton number k, the index receives the following contribution, written in
the notation of the main text as
Z(k,±)(M) =
1
|O(k)±|χ
∮ [
dφI
2pii
]
Z(k,±)vec · Z(k,±)antisym · Z(k,±)defect(M) . (A.1)
In this appendix, we will rewrite the above factors in terms of string theory quantities as
follows:
Z(k,±)vec · Z(k,±)antisym ≡ Z(k,±)D0/D0 · Z
(k,±)
D0/D4
Z
(k,±)
defect(M) ≡ Z(k,±)D0/D4′ · ZD4/D4′ (A.2)
The 1-loop determinants of the D0/D0 strings are given by
Z
(k=2n+χ,+)
D0/D0 =
[( n∏
I=1
sh(±φI)
)χ n∏
I<J
sh(±φI ± φJ)
]
sh(2+)
n
( n∏
I=1
sh(±φI + 2+)
)χ n∏
I<J
sh(±φI ± φJ + 2+)
× sh(±m− −)n
( n∏
I=1
sh(±φI ±m− −)
)χ n∏
I<J
sh(±φI ± φJ ±m− −)
× 1
sh(±m− +)n+χ
( n∏
I=1
1
sh(±φI ±m− +)
)χ n∏
I=1
1
sh(±2φI ±m− +)
n∏
I<J
1
sh(±φI ± φJ ±m− +)
× 1
sh(±− + +)n+χ
( n∏
I=1
1
sh(±φI ± − + +)
)χ n∏
I=1
1
sh(±2φI ± − + +)
n∏
I<J
1
sh(±φI ± φJ ± − + +) ,
(A.3)
and
Z
(k=2n+1,−)
D0/D0 =
( n∏
I=1
ch(±φI)
n∏
I<J
sh(±φI ± φJ)
)
sh(2+)
n
n∏
I=1
ch(±φI + 2+)
n∏
I<J
sh(±φI ± φJ + 2+)
× sh(±m− −)n
n∏
I=1
ch(±φI ±m− −)
n∏
I<J
sh(±φI ± φJ ±m− −)
× 1
sh(±m− +)n+1
n∏
I=1
1
ch(±φI ±m− +)sh(±2φI ±m− +)
n∏
I<J
1
sh(±φI ± φJ ±m− +)
× 1
sh(±− + +)n+1
n∏
I=1
1
ch(±φI ± − + +)sh(±2φI ± − + +)
n∏
I<J
1
sh(±φI ± φJ ± − + +) ,
(A.4)
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and
Z
(k=2n,−)
D0/D0 =
( n−1∏
I<J
sh(±φI ± φJ)
n−1∏
I=1
sh(±2φI)
)
ch(2+)(sh+)
n−1
n−1∏
I=1
sh(±2φI + 4+)
n−1∏
I<J
sh(±φI ± φJ + 2+)
× ch(±m− −) sh(±m− −)n−1
n−1∏
I=1
sh(±2φI ± 2m− 2−)
n−1∏
I<J
sh(±φI ± φJ ±m− −)
× 1
sh(±m− +)nsh(±2m− 2+)
n−1∏
I=1
1
sh(±2φI ± 2m− 2+)sh(±2φI ±m− +)
n−1∏
I<J
1
sh(±φI ± φJ ±m− +)
× 1
sh(±− + +)nsh(±2− + 2+)
n−1∏
I=1
1
sh(±2φI ± 2− + 2+)sh(±2φI ± − + +)
n−1∏
I<J
1
sh(±φI ± φJ ± − + +) .
(A.5)
The first to the forth lines of the equations (A.3), (A.4) and(A.5), are the 1-loop determinants
of the (0, 4) vector multiplet, Fermi multiplet, twisted hypermultiplet and hypermultiplet,
respectively. The 1-loop determinants of the D0/D4 strings are given by
Z
(k=2n+χ,+)
D0/D4 =
N∏
i=1
( sh(m± ai)
sh(±ai + +)
)χ n∏
I=1
sh(±φI ± ai −m)
sh(±φI ± ai + +) ,
Z
(k=2n+1,−)
D0/D4 =
N∏
i=1
ch(m± ai)
ch(±ai + +)
n∏
I=1
sh(±φI ± ai −m)
sh(±φI ± ai + +) ,
Z
(k=2n,−)
D0/D4 =
N∏
i=1
sh(2m± 2ai)
sh(±2ai + 2+)
n−1∏
I=1
sh(±φI ± ai −m)
sh(±φI ± ai + +) .
(A.6)
In order to deduce the contribution of D0/D4′ strings, we make use of a symmetry of the
brane setup 2. Namely, under the exchange of the coordinates X1,2,3,4 ↔ X5,6,7,8, D4 and
D4′ branes get swapped, while the D0 branes and the O8− orientifold plane are invariant.
Hence, we can write the D0/D4′ contribution from the D0/D4 one, after simply exchanging
1, 2 with 3, 4. This translates to
ai ↔M, m↔ −, + ↔ −+ , (A.7)
and we obtain
Z
(k=2n+χ,+)
D0/D4′ =
(sh(±M − −)
sh(±M − +)
)χ n∏
I=1
sh(±φI ±M − −)
sh(±φI ±M − +) ,
Z
(k=2n+1,−)
D0/D4′ =
ch(±M − −)
ch(±M − +)
n∏
I=1
sh(±φI ±M − −)
sh(±φI ±M − +) ,
Z
(k=2n,−)
D0/D4′ =
sh(±2M − 2−)
sh(±2M − 2+)
n−1∏
I=1
sh(±φI ±M − −)
sh(±φI ±M − +) .
(A.8)
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The 1-loop determinant of the D4/D4′ strings is responsible for a Fermi multiplet trans-
forming in the bifundamental representation of G×G′ = Sp(N)× Sp(1). We obtain
ZD4/D4′ =
N∏
i=1
sh(M ± ai) . (A.9)
Fundamental matter is introduced through the introduction of D8 branes in theX0,1,2,3,4,5,6,7,8
directions. The associated 1-loop determinants for the D0/D8 strings are
Z
(k=2n+χ,+)
D0/D8 =
Nf∏
d=1
sh(md)
χ
n∏
I=1
sh(±φI +md),
Z
(k=2n+1,−)
D0/D8 =
Nf∏
d=1
ch(md)
n∏
I=1
sh(±φI +md),
Z
(k=2n,−)
D0/D8 =
Nf∏
d=1
sh(2md)
n−1∏
I=1
sh(±φI +md).
(A.10)
Finally, the Weyl factors of the O(k)+ and O(k)− components are given by
|O(k)+|χ=0 = 1
2n−1n!
, |O(k)+|χ=1 = 1
2nn!
, |O(k)−|χ=0 = 1
2n−1(n− 1)! , |O(k)
−|χ=1 = 1
2nn!
.
(A.11)
– 32 –
References
[1] N. Seiberg, Five-dimensional SUSY field theories, nontrivial fixed points and string dynamics,
Phys. Lett. B388 (1996) 753–760, [hep-th/9608111].
[2] H.-C. Kim, S.-S. Kim and K. Lee, 5-dim Superconformal Index with Enhanced En Global
Symmetry, JHEP 10 (2012) 142, [1206.6781].
[3] C.-M. Chang, O. Ganor and J. Oh, An index for ray operators in 5d En SCFTs, JHEP 02
(2017) 018, [1608.06284].
[4] D. R. Morrison and N. Seiberg, Extremal transitions and five-dimensional supersymmetric field
theories, Nucl. Phys. B 483 (1997) 229–247, [hep-th/9609070].
[5] M. R. Douglas, S. H. Katz and C. Vafa, Small instantons, Del Pezzo surfaces and type I-prime
theory, Nucl. Phys. B 497 (1997) 155–172, [hep-th/9609071].
[6] E. Witten, An SU(2) Anomaly, Phys. Lett. B 117 (1982) 324–328.
[7] N. Nekrasov, BPS/CFT correspondence: non-perturbative Dyson-Schwinger equations and
qq-characters, JHEP 03 (2016) 181, [1512.05388].
[8] M. Atiyah, N. J. Hitchin, V. Drinfeld and Y. Manin, Construction of Instantons, Phys. Lett. A
65 (1978) 185–187.
[9] D. Tong and K. Wong, Instantons, Wilson lines, and D-branes, Phys. Rev. D91 (2015) 026007,
[1410.8523].
[10] N. A. Nekrasov, Seiberg-Witten prepotential from instanton counting, Adv. Theor. Math. Phys.
7 (2003) 831–864, [hep-th/0206161].
[11] N. Nekrasov and A. Okounkov, Seiberg-Witten theory and random partitions, Prog. Math. 244
(2006) 525–596, [hep-th/0306238].
[12] M. Jimbo, A q-analogue of U(g[(N+1)), Hecke algebra, and the Yang-Baxter equation, Letters
in Mathematical Physics 11 (1986) 247.
[13] V. G. Drinfeld, A New realization of Yangians and quantized affine algebras, Sov. Math. Dokl.
36 (1988) 212–216.
[14] V. Chari and A. Pressley, Quantum affine algebras and their representations, hep-th/9411145.
[15] V. Chari, Minimal affinizations of representations of quantum groups: The U-q(g) module
structure, hep-th/9411144.
[16] E. Frenkel and N. Reshetikhin, The q-characters of representations of quantum affine algebras
and deformations of w-algebras, in Contemporary Math 248 (2000) , [math/9810055].
[17] J. Shiraishi, H. Kubo, H. Awata and S. Odake, A Quantum deformation of the Virasoro algebra
and the Macdonald symmetric functions, Lett. Math. Phys. 38 (1996) 33–51, [q-alg/9507034].
[18] H. Awata, H. Kubo, S. Odake and J. Shiraishi, Quantum W(N) algebras and Macdonald
polynomials, Commun. Math. Phys. 179 (1996) 401–416, [q-alg/9508011].
[19] E. Frenkel and N. Reshetikhin, Deformations of W-algebras associated to simple Lie algebras,
Comm. Math. Phys. 197 (1998) 1–32, [q-alg/9708006].
[20] H. Nakajima, t-analogue of the q-characters of finite dimensional representations of quantum
affine algebras, Physics and Combinatorics (2000) 196–219, [math/0009231].
– 33 –
[21] O. Aharony, A. Hanany and B. Kol, Webs of (p,q) five-branes, five-dimensional field theories
and grid diagrams, JHEP 01 (1998) 002, [hep-th/9710116].
[22] B. Assel and A. Sciarappa, Wilson loops in 5d N = 1 theories and S-duality, JHEP 10 (2018)
082, [1806.09636].
[23] H.-C. Kim, Line defects and 5d instanton partition functions, JHEP 03 (2016) 199,
[1601.06841].
[24] T. Kimura and V. Pestun, Quiver W-algebras, 1512.08533.
[25] A. Mironov, A. Morozov and Y. Zenkevich, Ding–Iohara–Miki symmetry of network matrix
models, Phys. Lett. B 762 (2016) 196–208, [1603.05467].
[26] N. Haouzi and C. Kozaz, Supersymmetric Wilson Loops, Instantons, and Deformed
W -Algebras, 1907.03838.
[27] D. Tong, The holographic dual of AdS3 × S3 × S3 × S1, JHEP 04 (2014) 193, [1402.5135].
[28] N. Nekrasov and N. S. Prabhakar, Spiked Instantons from Intersecting D-branes, Nucl. Phys.
B914 (2017) 257–300, [1611.03478].
[29] J.-E. Bourgine, M. Fukuda, K. Harada, Y. Matsuo and R.-D. Zhu, (p, q)-webs of DIM
representations, 5d N = 1 instanton partition functions and qq-characters, JHEP 11 (2017)
034, [1703.10759].
[30] D. Gaiotto and H.-C. Kim, Duality walls and defects in 5d N = 1 theories, JHEP 01 (2017)
019, [1506.03871].
[31] N. Haouzi and J. Oh, On the Quantization of Seiberg-Witten Geometry, 2004.00654.
[32] O. Bergman, D. Rodrguez-Gmez and G. Zafrir, Discrete θ and the 5d superconformal index,
JHEP 01 (2014) 079, [1310.2150].
[33] A. Iqbal and C. Vafa, BPS Degeneracies and Superconformal Index in Diverse Dimensions,
Phys. Rev. D 90 (2014) 105031, [1210.3605].
[34] S.-S. Kim and F. Yagi, 5d En Seiberg-Witten curve via toric-like diagram, JHEP 06 (2015)
082, [1411.7903].
[35] G. Zafrir, Brane webs and O5-planes, JHEP 03 (2016) 109, [1512.08114].
[36] H. Hayashi, S.-S. Kim, K. Lee and F. Yagi, Discrete theta angle from an O5-plane, JHEP 11
(2017) 041, [1707.07181].
[37] O. Bergman and G. Zafrir, 5d fixed points from brane webs and O7-planes, JHEP 12 (2015)
163, [1507.03860].
[38] J. M. Maldacena, Wilson loops in large N field theories, Phys. Rev. Lett. 80 (1998) 4859–4862,
[hep-th/9803002].
[39] S.-J. Rey and J.-T. Yee, Macroscopic strings as heavy quarks in large N gauge theory and
anti-de Sitter supergravity, Eur. Phys. J. C22 (2001) 379–394, [hep-th/9803001].
[40] N. Drukker and B. Fiol, All-genus calculation of Wilson loops using D-branes, JHEP 02 (2005)
010, [hep-th/0501109].
[41] J. Gomis and F. Passerini, Holographic Wilson Loops, JHEP 08 (2006) 074,
[hep-th/0604007].
– 34 –
[42] S. Yamaguchi, Wilson loops of anti-symmetric representation and D5-branes, JHEP 05 (2006)
037, [hep-th/0603208].
[43] P. Putrov, J. Song and W. Yan, (0,4) dualities, JHEP 03 (2016) 185, [1505.07110].
[44] B. Assel and J. Gomis, Mirror Symmetry And Loop Operators, JHEP 11 (2015) 055,
[1506.01718].
[45] U. Danielsson, G. Ferretti and I. R. Klebanov, Creation of fundamental strings by crossing
D-branes, Phys. Rev. Lett. 79 (1997) 1984–1987, [hep-th/9705084].
[46] C. Hwang, J. Kim, S. Kim and J. Park, General instanton counting and 5d SCFT, JHEP 07
(2015) 063, [1406.6793].
[47] B. Collie and D. Tong, Instantons, Fermions and Chern-Simons Terms, JHEP 07 (2008) 015,
[0804.1772].
[48] S. Kim, K.-M. Lee and S. Lee, Dyonic Instantons in 5-dim Yang-Mills Chern-Simons Theories,
JHEP 08 (2008) 064, [0804.1207].
[49] L. Jeffrey and F. Kirwan, Localization for nonabelian group actions, 9307001.
[50] C. Cordova and S.-H. Shao, An Index Formula for Supersymmetric Quantum Mechanics,
1406.7853.
[51] K. Hori, H. Kim and P. Yi, Witten Index and Wall Crossing, JHEP 01 (2015) 124,
[1407.2567].
[52] F. Benini, R. Eager, K. Hori and Y. Tachikawa, Elliptic Genera of 2d N = 2 Gauge Theories,
Commun. Math. Phys. 333 (2015) 1241–1286, [1308.4896].
[53] T. Banks, N. Seiberg and E. Silverstein, Zero and one-dimensional probes with N=8
supersymmetry, Phys. Lett. B401 (1997) 30–37, [hep-th/9703052].
[54] T. D. Brennan, A. Dey and G. W. Moore, ’t Hooft defects and wall crossing in SQM, JHEP
10 (2019) 173, [1810.07191].
[55] T. D. Brennan, Monopole Bubbling via String Theory, JHEP 11 (2018) 126, [1806.00024].
[56] N. Nekrasov and V. Pestun, Seiberg-Witten geometry of four dimensional N = 2 quiver gauge
theories, 1211.2240.
[57] A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional
gauge dynamics, Nucl. Phys. B492 (1997) 152–190, [hep-th/9611230].
[58] I. Cherednik, Factorizing Particles on a Half Line and Root Systems, Theor. Math. Phys. 61
(1984) 977–983.
[59] E. Sklyanin, Boundary Conditions for Integrable Quantum Systems, J. Phys. A 21 (1988)
2375–2389.
[60] K. A. Intriligator, D. R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge
theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B 497 (1997) 56–100,
[hep-th/9702198].
[61] S. Shadchin, Saddle point equations in Seiberg-Witten theory, JHEP 10 (2004) 033,
[hep-th/0408066].
– 35 –
